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Abstract. We extend the complex-valued analytic torsion, introduced 
by Burghelea and Haller on closed manifolds, to compact Riemannian 
bordisms. We do that by studying non- self adjoint Laplacians and con- 
sidering absolute and relative boundary conditions. In this context, we 
obtain anomaly formulas for the complex-valued analytic torsion based 
on the work by Briining and Ma for the Ray-Singer metric on maniflods 
with boundary. In odd dimensions, our anomaly formulas are in accord 
with the corresponding results of Su, without requiring the variations of 
the Riemannian metric and bilinear structures to be supported in the 
interior of the manifold. Our results are proved by using invariance the- 
ory for the coefficients of the heat kernel asymptotic expansion and an 
argument of analytic continuation. 



Introduction 

In this paper, we denote by (M, 5_M) a compact Riemannian bor- 

dism. That is, M is a compact Riemannian manifold of dimension m, with 
Riemannian metric g, whose boundary dM is the disjoint union of two closed 
submanifolds d^M and d-M. For E a flat complex vector bundle over M, 
we consider generalized Laplacians acting on the space Q(M; E) of i?-valued 
smooth differential forms on M satisfying absolute boundary conditions on 
c?_l_M and relative boundary conditions on d-M. 

We study the complex-valued Ray-Singer torsion on (M, d-^M, d-M). This 
torsion was introduced by Burghelea and Haller on closed manifolds, see 
|BH07| and |BH10| . as a complex- valued version for the Ray-Singer torsion 
or metric, originally studied by Ray and Singer in [RS] for unitary flat vec- 
tor bundles on closed manifolds. Our main result, Theorem [3l exhibits a 
logarithmic derivative of the complex-valued analytic torsion on compact 
Riemannian bordisms and its proof is based on the work of Briining and Ma 
in |BM06| for the Ray-Singer metric on manifolds with boundary. 
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To define the complex-valued analytic Ray-Singer torsion, we assume E 
admits a fiberwise nondegenerate symmetric bilinear form b and we proceed 
as in the closed situation, see |BH07| . The bilinear form, together with the 
Riemannian metric on M, induce a nondegenerate symmetric bilinear form 
on ^}{M;E). We study generalized Laplacians A^;,^,;,, also referred as bilin- 
ear Laplacians, which are formally symmetric, with respect to the bilinear 
product, on the space of smooth forms satisfying the boundary conditions 
specified above. Instead, the construction of the Ray-Singer metric needs 
a Hermitian structure and a selfadjoint Laplacian, which is referred as the 
Hermitian Laplacian, see |RS| . |Lii| . |Mii78| and |BZ) for instance. The an- 
alytic Ray-Singer metric on manifolds with boundary has been studied by 
several authors, see for instance [Mii78j . [Mii93] . |Lu] . [DF] . |BM06| . 

|BM11| and references therein. In particular, we are interested in the work of 
Briining and Ma in |BM06| , where the variation of the analytic Ray-Singer 
torsion, with respect to smooth variations on the underlying Riemannian 
and Hermitian metrics, was computed; these formulas will be called anomaly 
formulas for short. 

In section [T] we use well known theory on boundary value problems for dif- 
ferential operators to treat ellipticity, regularity and spectral properties for 
the bilinear Laplacian. In particular, under the specified elliptic boundary 
conditions, ^E^g^b extends to a not necessarily selfadjoint closed unbounded 
operator in the L^-norm, it has compact resolvent and discrete spectrum, all 
its eigenvalues are of finite multiplicity, its (generalized) eigenspaces contain 
smooth differential forms only and the restriction of the bilinear form /3g f, to 
each of these is also non nondegenerate. Proposition [2] gives Hodge decom- 
position results in the bilinear setting, which are analog to the Hermitian 
one, see for instance |Mii78| . |Lii| and more recently in |BM11| . This section 
ends with Proposition [3] stating that the 0-generalized eigenspace of ^E,g,b 
still computes relative coliomology H{M,d-M; E), without necessarily be- 
ing isomorphic to it. 

In section [2l we recall generalities about the coefficients of the heat kernel 
asymptotic expansion for an elliptic boundary value problem. These coeffi- 
cients are spectral invariants and locally computable as polynomial functions 
in the jets of the symbols of the operators under consideration, see (Se67j and 
|Se69| . By Weyl's first Theorem of invariant theory, these coefficients are ex- 
pressed as universal polynomial in terms of locally computable geometric 
invariants; these facts, studied in detail by Gilkey in [Gi84j and [Gi04 j. pro- 
vide the key ingredients in the proof of Theorem [21 leading to Theorem [3l In 
|BM06| . Briining and Ma studied the heat kernel for Hermitian Laplacians 
on manifolds with boundary under absolute boundary conditions and they 
obtained anomaly formulas for the corresponding Ray-Singer metric. We use 
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Poincare duality, see Lemma [71 to infer the corresponding quantities for the 
Hermitian Laplacian with the boundary conditions specified on the bordism 
{M,d^AI,d-M), see Proposition [5] and Theorem [TJ Moreover, we exhibit 
the holomorphic dependence of the coefficients of the heat kernel asymptotic 
expansion for these boundary value problems on a complex parameter, this 
is Lemma [TTJ An analytic continuation argument then allows to deduce the 
infinitesimal variation of these quantities for the bilinear case out from those 
corresponding in the Hermitian situation, see Theorem [2j 

In section [3l we define the complex- valued analytic torsion on the com- 
pact Riemannian bordisms. Following the approach in |BH07j . we obtain 
a nondegenerate bilinear form on the determinant line det{H{M, d-M; E)), 
denoted by TE,g,biO) and induced by the restriction of f3g^b to the 0-generalized 
eigenspace of A^;^^^;,- The (inverse square of) the complex- valued Ray-Singer 
torsion for manifolds with boundary is 

p 

where the product above is, in this situation, a non zero complex number 
with det' {I^E,g,b,p) being the ^-regularized product of all non-zero eigenval- 
ues of A£;,g,6,p. For closed manifolds, the variation of the complex analytic 
Ray-Singer torsion with respect to smooth changes on the metric g and the 
bilinear form b has been obtained in [ BHOTj . They did so, by computing the 
leading and subleading terms in the asymptotic expansion of the heat kernels 
associated with a certain class of Dirac operators, sections 7 and 8 in |BH07| . 
They eventually obtained a geometric invariant by introducing appropriate 
correction terms, see Theorem 4.2 in |BH07| . In |Su| . by using techniques 
from |SZ08| . |Ve| and |Mu78| . Su generalized the complex- valued analytic 
Ray-Singer torsion to the situation in which 5+M 7^ (or d-M ^ 0). Also 
in that paper, Su proved that in odd dimensions, the complex-valued ana- 
lytic torsion does not depend neither on smooth variations of the Riemannian 
metric nor on smooth variations of the bilinear form, as long as these are com- 
pactly supported in the interior of M. This section ends with the statement 
of Theorem [3l which gives formulas for the variation of the complex- valued 
analytic Ray-Singer torsion with respect to smooth variations of the met- 
ric and the bilinear form; we call such formulas anomaly formulas for the 
complex- valued analytic torsion. As in the closed situation, see [BH07], the 
anomaly formulas for the complex-valued Ray-Singer torsion are found by 
using the results for the constant coefficients of the corresponding heat kernel 
in section [21 

The anomaly formulas for the Ray-Singer metric in Theorem [T] were also 
obtained by Bruning and Ma in their recent work on the gluing formulas for 
the Ray-Singer metric |BM11| continuing their work in |BM06| . 
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The anomaly formulas for the complex-valued analytic torsion stated in 
Theorem [3] generalize the ones obtained by Burghelea and Haller for the 
closed situation in |BH07| . and also the ones in |Su| by Su in odd dimensions: 
they do not longer require g and b to be constant in a neighborhood of the 
boundary and both kind of boundary conditions are considered at the same 
time. 

Acknowledgements. I am deeply grateful to my supervisor Stefan Haller 
for useful discussions and having taken the time to read this document and 
comment on it. 

1. Bilinear Laplacians and Hodge decomposition on bordisms 

Let (M, c?_M) be a compact Riemannian bordism of dimension m, 

by which we mean M to be a compact connected not necessarily orientable 
smooth manifold of dimension m with Riemannian metric g, whose boundary 
dM is the disjoint union of two closed submanifolds d^M and d-M. The 
boundary inherits the Riemannian metric from M. We do not require any 
condition on the metric near the boundary. We denote by the geodesic unit 
inwards pointing normal vector field on the boundary. Let us denote by Qm 
and by Qqm the orientation bundles of M and dM respectively, endowed 
with the unique flat connections specified by the de-Rham differential on 
(twisted) forms. For i : dM M> M the canonical embedding, we denote 
by QmIom = i*QM the restriction of Qm to dM; as real line bundles over 
dM, QmIom cind QdM a-re identified with the standard convention. If TM 
denotes the tangent bundle of M and TdM the tangent bundle of dM, then 
the associated Levi-Civita connection on TM is denoted by V and that on 
TdM by V^. If volg(M) G S1™(M; Ga/) is the volume form of M, then for 
each integer ^ k ^ m, the Hodge ^-operator is the linear isomorphism := 
*g^k ■■ ^^{M) 9r-^{M;QM): defined by a aW = {a,a') gyo\g{M), where 
a, a' G O'^(M). Let be a flat complex vector bundle with flat connection 
and denote by 0(M; E) the space of valued smooth differential forms 
on M, together with de-Rahm differential ds ■= d'^E. The flat complex 
vector bundle dual to E is denoted by E' endowed with the induced flat 
connection . The completion of Q{M; E) with respect to the L-^-norm is 
denoted by L?{M;E). 

1.1. Generalized Laplacians on manifolds with boundary. We pro- 
ceed as in |BH07| . Assume E is endowed with a fiber- wise non degen- 
erate symmetric bilinear form b. Then, a nondegenerate symmetric bilin- 
ear form on ^{M;E) is defined as /3g^ij{v,w) := Tr(f A ^bw), where 
Tr : Q{M,E (g) E' (g) Qm) ^{M;Qm) is the trace map induced by the 
canonical pairing between E and E' and the operator -k^ g := -kg b : 
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n'i{M-E) n"^~'^{M;E' Bm) is defined by using the Hodge *-star op- 
erator -kq and the isomorphism of vector bundles b : E ^ E' specified by 
the bifinear form and also denoted by the same symbol. Thus, the map 
d^E,g,b,q '■ ^'^{M]E) n'i-^{M-E) is defined by 

(1) '^^9,^,9 *^l-(<?-l) dE'®eM,m-qH,q^ 

where d^'^Sj^j is the de-Rham differential on Vt[M;E' ® Qm) induced by 
the dual connection on E' , is a codifferential on n{M;E). In this way, the 
operator 

(2) AE,g,b,g := dE,g-JE^g^,^^ + d^E,gM+i'^E,, : n'iM; E) ^ ^\M- E), 

is a generalized Laplacian in the sense that its principal symbol is a scalar 
positive real number; that is, the operator AE,g,b is elliptic and it will be 
called the bilinear Laplacian. A straightforward use of Stokes' Theorem leads 
to the following Green's formulas; that is, 

l3g,b{dEV,w) - (3g,b(.v,d]^g,^w) = Jqj^j i* {Tt{v Ai^bW)) , 

(3) Pg^bi^EV, w) - Pg^b{v, Aew) 

= IdM ^ *bw)) - i*iTr{w A -kbdEv)) 

- IdM ^*(^(4,g,fe^ ^ *bv)) + i*{TT{v A ndEw)). 

for v,w £ 0(M; E). To study analytic and spectral properties of the bilinear 
Laplacian on (M,d^M,d-M), we impose elliptic boundary conditions. The 
space of smooth forms w G Q{M;E) satisfying relative boundary conditions 
on d-M and absolute boundary conditions on is 
(4) 

iX-kbW = 0, i*_w = 



n{M;E)\B := {w& n{M;E) 



^*+d'E'»eM,9,b *bw = 0, i-d^E,g,b'^ = 



iM,g,b '-^E,g,b' 

Remark that the integrants on the right of formulas in ([3]) vanish, on forms in 
^{M\E)q. The operator A.E,g^b with domain of definition Vt{M]E)\Q does 
not extend to a selfadjoint operator on L'^(M]E). However, the specified 
boundary conditions are an example of a more general type called mixed 
boundary conditions, see |Gi04| . which provide elliptic boundary conditions 
for operators of Laplace type. As in the closed situation, we will see that 
the spectrum of the bilinear Laplacian possesses properties close to those of 
a Hermitian Laplacian, see section [L5l 



1.2. Some Notation. Let i± : d±M ■— )• M be the canonical embedding of 
d±M into M and E± := ij^E be the corresponding restriction bundles. For 
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1 ^ q ^ m, consider the boundary operators 

B- : ni{M; E) — > n'i{d-M; E.) 179-i(9_Af; 

B+ ■M''Im;E) — >n'^-i{d+M;E+)®n"'-('i-^\d+M;E+), 

respectively defined by 

S_«>:=(BO«),Bit«):=(il«;,il<_^_,«>), 

and 

B: ni{M;E) — >n"'-i{d+M;E+)!Bn'^-i-^{d+M;E+)® ^<i{d-M;E.)®^i-^{d-M;E.) 
w I— > Bw := (B+w,B—w). 

Remark that w G Q{M; E)q if and only if Bw = 0. 

Lemma 1. For a subspace X C Q[M; E), denote by X|(s := {w G X\^w = 0} 
the space of smooth forms in X which satisfy the boundary conditions specified 
by the vanishing of the operator *B G {B'^,B].,B±,B}. Set 

(6) X|go := Xlgo nX|go . 

Then the following assertions hold 

(a) X\s = X|go n X|gi n X|gi and X|g C X|go C X|go , 

(b) dE{n{M;E)\ go ) C n {M; E) | , 

(c) dEmM;E)\B)cn{M;E)\tso and d^j,^g^,{n{M; E)\b) C ^}{M; E)y, 

(d) If V £n{M;E)\ jgo_ and w £ n{M;E)\B thenf3g^b{dEV,d^j^^g f^w)=0, 

(e) Ifv,w e n{M;E)\QO, then (3g^b{dEV,w) = l3g,b{v,d^^g ^^w), 

(f) Ifv,we n(M;E)\i3, then j3g^b{/\E,g,bV,w) = I3g^b{v, ^E,g,bw). 

Proof. The first assertion is obvious. The remaining assertions follow from 
dH), the Green's formulas in ^ and straightforward manipulations com- 
ing from the definition of the operators and spaces above. □ 

1.3. Boundary conditions and Poincare duality. The boundary value 
problem specified by the operator ^E,g,b acting on Vt{M] E)q will be denoted 
by [A,^] 

{M'd+M,d-M)' '^^i^ boundary value problem is naturally related to 
its Poincare dual, by means of the isomorphism -k},. To illustrate that, con- 
sider the fiat complex vector bundle E' dual to E, with the dual connection 
and dual bilinear form 6', together on the bordism {M,d^M,d-M)' := 
{M,d-M,d+M) seen as the dual bordism to {M,d+M,d-M). Now, by def- 
inition of these operators, the equality ^bd^ ^ ^dE = ^E'd^E'^QM g b'*'^ holds 
and therefore 

*b^E,g,b = ^E'^eM,g,b'*b; 
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but also that w G VL'i{M-E)B if and only if i<i,w € Vt'"^''i{M; E' ® Qm)b', 
where B' indicates the same operator in (jH, see also associated with 
E' (8) Qm and b' on the bordism (M, 9+M, (9„M)'. In other words, the opera- 
tor naturally intertwines the boundary value problems [A, ^ 

and [^)^]^Md+Md M)'' particular, the roles of 9+M and c?_M in each 
boundary value problem. 

If 9+M = dM and 9_M = (resp. d+M = and d-M = dM), then 
[A,B] 

(M,dM$y ('^^sp. [A,^]^j^Jj g^p is the boundary value problem where 
absolute (resp. relative) boundary conditions only are imposed on dM. 

1.4. Hermitian boundary value problems. The operator A^; ^ ;, was first 
considered on closed manifolds, by Burghelea and Haller in |BH07| to define a 
complex- valued version of the analytic Ray-Singer torsion. The analytic tor- 
sion, originally defined by Ray and Singer in [RSJ, needs instead a Hermitian 
Laplacian, obtained in an analog way to the one for the bilinear Laplacian. 
Indeed, by using a Hermitian structure h on E, instead of the bilinear form 
b all over in the considerations above, a Hermitian product on Q{M;E) is 
specified hy <^ v,w ^g^h-= J^/ Tr(f A^/iw), the isomorphism -k^ being in this 
case induced by h and -kg] with respect to this inner product and after impos- 
ing absolute and relative boundary conditions a formally adjoint Laplacian 
AE,g,h is obtained, associated to the data V^,g and h, over the bordism 
(M, 5_-/Vf). The space of smooth forms satisfying absolute/relative 

boundary conditions is denoted by Q,{M; E)\q. In order to distinguish this 
problem from the bilinear one, we refer to it as the Hermitian boundary value 
problem. The Hermitian Laplacian acting on 0(M; E)\q, specifies an elliptic 
boundary value problem, denoted by {AE,g,h,BE,g,h)] this permits to extend 
the operator As^g^h ■ ^{M;E)\'^ C L?{M;E) -f \l{M;E) C L'^{M;E) the 
L^-norm to a selfadjoint operator with domain of definition H2 {p,{M; , 
that is, the iif2-Sobolev closure of Q{M; E)\q. For these facts, see [Lii] . 
|Mii78) ■ |Gi84| and |Gi04) . There exist well-known Hodge-decomposition re- 
sults. Let us denote by 'H%^{M;E) the space kei {AE,g,h) n Q'3{M;E)\'^ 
of q-Harmonic forms satisfying boundary conditions. Then, by using the 
notation from (|4]) to ([6]) in the Hermitian setting, we have 

n9(M;i?)|^o = Hl^{M;E)®dE{n''-HM;E)\'-^o)®d%^g^^{n'i+HM-,E)\'-^o) 
n^^iM-E) S Hi{M,d-M-E), 

see Theorem 1.10 in [Lii) and page 239 in |Mu78| . This in turn permits to 
define the Ray-Singer metric on manifolds with boundary under absolute and 
relative boundary conditions. The Hermitian Laplacian has been studied by 
many authors, see for instance [RS], [Lu], |Mu78) . [DF] , Moreover, in |BMn6) 
Briining and Ma studied the case 5_M = and they obtained corresponding 
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anomaly formulas for the Ray-Singer metric. More recently, in jBMll| . 
Briining and Ma continued the study of the Hermitian Laplacian when d±M 
are not necessarily empty. 

1.5. The spectrum of the bihnear Laplacian. To study ellipticity for 
boundary value problems we use ellipticity with respect to a conic subset of 
C. The boundary valued problem [A, ■SJ^^^^j^j q is elliptic with respect to 
the cone C\(0,oo), see |Gi04| . Boundary ellipticity guarantees the existence 
of elliptic estimates, see Theorem 6.3.1 in [A] and Theorem 20.1.2 in [Ho| . 
These in turn permit to conclude that the unbounded operator 

(8) Ab : V{Ab) C L\M; E) L^{M; E) 

with domain D^Ab) := H2 {^^{M; E)\q), is closed in the L^-norm and coin- 
cides with the L^-closure extension of 

AE,g,b ■■ ^{M-E)\b C L^{M-E) n{M;E) C L'^{M;E), 

regarded as unbounded operator on L'^[M; E). Boundary ellipticity with re- 
spect to the cone C\(0, 00) implies the following result, which can be found in 
a much more general setting in |Gb) , specifically, see Remark 4 and then The- 
orem 3.3.2 and Corollary 3.3.3 in [Gbj (see also Remark 3.3.4 and discussion 
in section 1.5 in [GbJ). 

Lemma 2. Let Aq be the unbounded operator with domain of definition 
I?(Ag) given in This operator is densely defined in L?'{M;E), possesses 
a non-empty resolvent set, its resolvent is compact and its spectrum is dis- 
crete. More precisely, for every 9 > 0, there exists R > such that IB^(O), 
the closed ball in C centered at and radius R, contains at most a finite 
subset o/Spec(Ag); the remaining part of the spectrum is entirely contained 
in the sector 

^R,e := {z eC\ - 9 < aig{z) < 9 and \z\ ^ R}. 

Furthermore, for every A g large enough, there is C > 0, for which 
\\{As-X)-Hl^^C/\X\. 

1.6. Generahzed eigenspaces. Since Spec(Ae) is discrete, for each A G 
Spec(Ag), we choose 7(A) a closed counter-clock-wise oriented curve sur- 
rounding A as the unique point of Spec(A/3); then consider the Riesz or 
spectral projection corresponding to A: 

PaJA): LHM;E) ^ V (As) C L^{M- E), 

w ^ -i27Ti)-' J^^^^iAB - fi)-'wdfi, 

where the integral above converges uniformly in the L^-norm as the limit 
of Riemann sums, since the function x 1— )• (Ag — x)~^ is analytic in a 
neighborhood of 7(A). The image of Pab(A) in L^{M;E) is denoted by 
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Oab(M;£')(A) := Pab(A)(L2(M; £;)). Since the resolvent of is compact, 
the operator Pab(A) is bounded on L'^(M;E), and the space Q/^j^{M; E){X) 
is of finite dimension, see Theorem 6.29 in Chapter III, section 6 in [K] . 
Let us denote by (/ - Pab(A)) : L'^{M;E) L?{M;E) the complementary 
projection to PabI'^) on L'^{M;E), and its image by lm(/ — Pas(A)) := 
{I - Pab(A))(L^(M;£;)). Then the space L?{M]E) decomposes as a di- 
rect sum of Hilbert spaces compatible with the projections Pab(A) and 
(I — Pab(A)). More precisely, the following Lemma is a direct application of 
Theorem 6.17, page 178 in [Kj. 

Lemma 3. The unbounded operator commute with Pab(A); that is, for 
u G D^Ajs), we have 

PasWu G ^(Ab) and Pab(A)Abu = AbPab(A)'U. 

Then, L?'{M;E) decomposes as 

L\M; E) ^ n^^iM; E){X) lm(I - Pab(A)), 

such that Pab(A)(P(Ab)) C ViAe), Aein^^iM; E){X)) c 17ab(M;S)(A) 
and Ag(lm(/ — PAe(A))) C lm(/ — Pab(A)). Finally, the operator 

(10) ABK^iM;E){X) ■■ nAs{M;E)iX) ^ nAsiM;E)iX), 

is bounded on r2AB(Af; i?)(A), Spec{AQ\Q^^^]y,j.E)(^x)) = {A} and the operator 

(11) As|,^(,_p^^(;,)):0((AB-A)|,^(,„p^^,;,)))CL2(Af;S)^lm(/-PAB(A)), 

with V{{Ais — A)||^^y^_p^ i^^-^-j) = lm(/ — Pab(A)) n'D(AB), is invertible; in 
other words, the spectrum of Aq\\^(^j_p^^(^x)) ^■^ exactly Spec (Ag) \{A}. 

The operator Ais\fi^^(^M;E){\) in (jlOP is bounded and its spectrum con- 
tains only; this together with QabI-^! -^)(A) being of finite dimension, 
implies that A^l^^ {M;E){X) is nilpotent. Moreover, since the operators 
Pab(A) and Ag commute and P(Ag) is invariant under Ag, the existence 
of elliptic estimates, Sobolev embedding and a standard argument of in- 
duction imply that if u; € 17ab(^; -£^)(A) C P(Ab) C H2{^{M]E)), then 
w G ^}{M; E)\;3 C r2(Af;£'). Thus each A-eigenspace can be described as 

{AE,g,b-^)"w€Q(M;E)\B, Vn^O, 
3NeN s.t. (A£;,g,5-A)"-u)=0, \/n^N 

Lemma 4. The space JIabI^! -^)(A) is invariant under dE and d^E gh- 

Proof. We show that r2AB(-^j -^)(A) is invariant under dE and <j^e gb- Since 
^AB(^j-^)(A) contains smooth differential forms only, it suffices to show 
that dEW satisfies the boundary condition, whenever w G r2Ag(-/W^; -E)(A). 
On d-^-M, the absolute part of the boundary, this immediately follows from 



^AKiM;E){\)={ u>eQ(A/;S)|B 
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= 0. Let us turn to d-M , the relative part of the boundary. But, we know 
that the Riesz projections are well defined as bounded operators and they 
commute with the Laplacian on its domain of definition. That is, A^^gfiW 
lies in Q^j^^M; E){\) as well; in particular, it satisfies relative boundary 
conditions on d-M, so that i*_{/S.E^gfiw) = 0. Together with i*_d^^ ^ = 0, 
this implies i*_S^g^dEW = 0, hence cLew also satisfies relative boundary 

conditions. Finally, the corresponding statement for d^E gb follows by the 
duality between the absolute and relative boundary operators. □ 

Consider the space 

n^^{M; E){Xy := 17(M; E) D lm(/ - Pas(A)). 

Invertibility of the operator in (llip together with the existence of elliptic 
estimates imply that the restriction of (Ag — A) to the space of forms in 
fl/\jg(M; E){XY , satisfying boundary conditions (see notation in (j4|), pro- 
vides an isomorphism 

(12) {As-X)\n^^iM;E){ms--^As{M;E)iXy\s^nAs{M;E){Xy. 

1.7. Orthogonality and Hodge decomposition for smooth forms. 

Lemma 5. For X £ Spec(A0) and v,w £ L'^{M;E), we have the formula 
Pg,b{PABWv,w) = /3g^b{v, PabWw). 

Proof. Since Pg^h continuously extends to a nondegenerate bilinear form on 
LP'{M]E), it is enough to prove the statement on smooth forms. For v,w £ 
n{M;E), we have 

where the last equality above holds, as J^^ converges uniformly in the L?- 

norm. Since 7a H Spec(A6) = 0, we have (Ag — ^)~^w G P(Ae) so that 
w = (A^ — fi) {AjS — ijl)~^w for each fi £ Now, from the isomorphism in 
(fT2|) . both {Ab-h)~^v and {Aj3-n)-^w belong in fact to J^Ab(M; S)(A)'^|ij, 
so we can apply Lemma [T] and obtain 

f5g,t{{As-fi)''^v,w) = /3g,b((As-M)-ii',(AB,g,6-Ai)(AB-M)~^"') 
= /3g,6((AB,g,i-Ai)(AB-M)"^'',(AB-M)~^"') 
= /39,b(i',(As-M)-^i«); 

that is, /3g^b(PAB('^)^) ''^) = — (— 27ri)~^ /3g {,(^5 (Ag — and hence 
the equality (^g^bi^AsW'^j''^) = f^g,b{v, Pab(-^)^) holds. □ 

Proposition 1. We have a (3 'Orthogonally direct sum decomposition: 

(13) n{M; E) ^ nAsiM; E){X) 1^As(M; ^)(A)^ 
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If X,fi e Spec(AB) with X ^ n, then Q.^^{M]E){p) Q.^^{M] E){X). In 
particular, f3 restricts to each of these subspaces as a nan degenerate sym- 
metric bilinear form. Furthermore, with the notation in section [T^ there is 
a f3 -orthogonal direct decomposition 

(14) n{M;E)y ^nAs{M;E){X)(BnA^{M;E){X)%o_, 

which is invariant under ds- 

Proof. Remark that ^^g{M]E){X) = P i^g{X){9.{M; E)), and therefore the 
decomposition fohows from the direct sum decomposition of L'^{M;E), see 
Lemma [31 We show that nABiM;E){X) _L/3 ^AniM; E){XY: take v G 
17Ae(M;£;)(A) and w £ QAeiM; E){Xy , so that 

Pg,b{'>^,w) = /3g,b{PABWv,w) = f3g,b{v,PABWw) =0, 

where the second equahty follows from Lemma [5] and the last one is true 
because w is in the image of the complementary projection of Pab(A). Since 
OAg(-/W^; -£/)(A) C Q{M; E)\qo , the decomposition in (|13p implies directness 
and /3-orthogonahty for that in (I14p . By LemmalU 0,Ab{^i invariant 
under ds (and d^^^^b). But, d£;(J^Ae(M; ^)(A)^|eo ) C Qab{M; E){Xy\i30^ as 
well as it can be checked by using the Green's formulas from Lemma [3l that 
d^E g b leaves invariant i^Asi^'i /^-orthogonality of (|13p . □ 

Corollary 1. For X £ Spec(A5) and with the notation in consider 
the space ^}ab{^i^)W^\b"- Then, the spaces (i£;(OAg(M; i?)(A)*^|go) and 
dE,g,b(^AB{M;E){XY\^o) are (3 -orthogonal to Qab(M; £;)(A). 

Proof If M e 17as(M;^)(A) and v £ QAsiM; E){XY\iso, then, by using 
Lemma [H invariance of r2AB(^; -E')(A) under d^^gb (^^^ Lemma H] and 
Proposition [1] above), we have Pg^i){u,dEv) = /^^^^(d^ ^ ^u, w) = 0. The proof 
for d^^ g is analog. □ 

Corollary 2. (Hodge decomposition) We have the (3 g^^' orthogonal decompo- 
sition Q{M- E) ^ ^Ab{M] E){0) e AE,g,b{^AB{M; E){oy \b). 

Proof. This follows from Proposition [1] and the isomorphism in (|12p . □ 

The following result is analog to Proposition 2.1 in |BFK| : 

Proposition 2. The following are fig b- orthogonal direct sum decompositions: 

(i) n(M;E)^fiAe(M;E)(0)erfi3(4,s,6(f2Ag(M;ii;)(0r |s))e4,9,6('^B( *^Ag (M;£;)(Or |e), 
(ii) n(M;i?)|gO ^S^As(M;E)(0)edE(nAs(M;B)(Or|gO )ed55,9,6(!^Ag(M;E)(0r 1^ 

(lli) n{M;E)\^o^n^^(M;Em®dE{n^^{M;Em'' |s)e4,9,6( ^^Ag (M;E)(Or |e)- 

Moreover, the restriction of f3g^b to each of the spaces appearing above is 
nondegenerate. 
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Proof. We prove (jl]). From Corollary [2l every u G 0,{M;E) can be written 
as u = uq + dE{d^^ g^u) + d^^ ^^{dEu), with uq G il/:^j^{M]E){Q) and u G 
Oab(M;^)(0)^ Ib. That 

follows from Lemma [Hand d| = 0. To see that (|I]) is a direct sum, we check 
that the intersection of the last two spaces on the right of (ji]) is trivial. So, 
take u G Vli^g{M]E){{)Y ^ and suppose there are v,w £ 0,^j^(M; E)(Oy |g 
with u = dE{d^E g b^) ~ g b^'^^w). Remark obviously that AE^gfiU = but 
also that u G n/^ig{M; E){0), since 

(a) ilii = dE{i*-d^E g b'^) = 0, as t; satisfies boundary conditions, 

(b) ^-4,5,6^ = ^-A,g,bA,g,bdEV = 0, 

(c) i*j^-kijU = ^dE{iX<^E g b'^b^) ~ ^' t(; satisfies boundary conditions, 

(d) ^*+^E,g,b *bU = ±iX -kb dEidsd^E g i^v) = 0; 

therefore, from Proposition [H u must vanish, so that the sum in (0) is di- 
rect. This decomposition is clearly /3-orthogonal. The decompositions in 
([n]) and (Iml) follow from that in Lemma [H the isomorphism in (I12p 
and the definition of boundary conditions as we have preceded to prove 
the statement ([i]); we omit the details. Since dEi^Aei^i ^){^)'^ \b) C 
dEi^Aei^j |b), directness of decomposition dm]) follows from that 

of ju]) . To check directness in (ju]) , firstly observe that by Proposition [1] we 
have dEi^AsiM; E){OY\i^o ) C QAsi^', E){Oy\i^o and therefore the space 
nABiM]E){0)ndE (OAg(M;£;)(0)'^ Igo) is trivial. Secondly, from the inclu- 
sion nABiM;E){OY \b C nAB{M;E){OY Ibo, Corollary [2 and Proposition 
U the intersection of nAs{M;E){0) and d^^ ^ ^{nAsiM; E){Oy \b) is also 
trivial. Thirdly, the intersection of dE {^Asi^j^)i^Y Ib" ) ^^'^ the space 
d%gf^{nAB(.M;E){OY \b) is trivial as weh; indeed if u G nAB{M;E){OY 
is such that u = dEV for v G ftAi^iM; E){OY |go and n = d^^ g for 

^ G dl; gf^{nABiM;E){OY then, it is follows that u G 17As(Af; £;)(0), 
and therefore n = 0. From Lemma [H the decompositions in (jn]) and ([ui]) 
are /3g^b-orthogonal. This, together with directness of these decompositions, 
implies that /3g^i, restricts to each space appearing on the right hand side of 
([n]) and as a nondegenerate bilinear form. Finally, since f3g^b is nondegen- 
erate on Qq(M;E), the space of smooth forms compactly supported in the 
interior of M, it can be continuously extended to a nondegenerate bilinear 
form on i}(M; E)\jgo and Q{M; E)\bo respectively. 

□ 
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1.8. Cohomology. With the notation in section [L2l recah that the cochain 
complex {Q{M; E)\i^o jcIe) computes De-Rham cohomology of M relative to 
d-M, with coefficients on E, see for instance |BT| . For A G Spec(AB), 
{Q/^i^(M; E)(X), cIe) is cochain subcomplex; consider the inclusion 

n^^{M;E){X) ^ n{M;E)y^. 

From Lemma [3l Lemma U] and the isomorphism in (|12p . every general- 
ized eigenspace corresponding to a non-zero eigenvalue is acyclic, that is, 
H{0,/^ig{M; E){\)) = 0. Furthermore, for A = 0, we have the following. 

Proposition 3. The inclusion Q,^g{M] E){0) ^ $7(M;£^)|go induces an 
isomorphism m cohomology: H*{n^g{M; E){0)) ^ H*{M,d^M,E). 

Proof. Since OAg(M;^)(0) C J7(M;S)|go , the space Sl(M;^)|go admits 
a decomposition compatible with the one in Corollary [2] and therefore it 
decomposes as 

n(M;E)y^nAsiM;E){0)eAE,g,binArs{M;E){Oy Ib) 1^0, 

where AE^g^bi^Aei^j Is) Iqo is also a cochain subcomplex, because 

of Proposition [T] and that 0,{M; E)\qo is invariant under the action of ds- 
Thus the assertion is true, if the corresponding cohomology groups vanish; 
that is, if every closed form w in AE^g^bi^ABi^j \b) Ib'-' 

act. By Proposition [2j([iil), there are wi £ r^Agl-^; -£')(0)*^ \qo and W2 G 
^Asi^j \b such that w = dEWi + d^Egb"^"^' First, we claim that 

g "i^i) = 0, for all vi £ f^Asl-^; -^)(0)'^ I^O) see ([6]); indeed, from 
Proposition [2j([i]), there exist V2,U2 £ J7Ae(-^; -E')(0)'^ |b, such that vi = 
dEV2 + d'^^gfjU2 and hence (3gfi{d^^^g^f^W2,dEV2 + d^^gj^U2) = 0, where we 
have used that d^gf,ii'2, dEV2 and d^^gfjU2 £ r^AeC-^; -E')(0)'^ l^o. Lemma 
[H (d^ gb)'^ = and that Pg^b{dE(^E g b'^Z) ^^2) vanishes, because w being close 
implies g ^tt;2 = 0. Finally, since ^ ^^W2 belongs to QabC-^; E){QY \qo 

as well, and that Pg^h restricted to this sub-space is also nondegenerate, see 
Proposition [21 from the claim above, we have g ^^W2 = 0. That is, w is 
exact in AE,g,b{^As{M;E){Qif \b) 

□ 

2. Heat trace asymptotic expansion and anomaly formulas 

2.1. Heat trace asymptotic coefficients as polynomial invariants. 

Consider more generally a boundary value problem {D^B), where D is an 
operator of Laplace type, B a boundary operator specifying mixed boundary 
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conditions and denote by Dg its L^-realization. Then, for t > 0, the heat 
kernel exp(— tDg) is a smoothing operator and of trace class in L^-norm; 
moreover, for ip S r(M; End(A* (T*M) E)) and t — )• we have a complete 
asymptotic expansion: Tr^2 (V'e~*^®) ~ a„(^/^, D, where 

an{ip, are the /leai irace asymptotic coefficients and they are computed 

by the formula 

(15) a„{V>,D,B)=/„Tr(V'-e„(D))vol3(M)+E^Z(5/g,,Tr(V,i„'=V'-en,fc(D,B))vol9(9Af) 

where "s/^^^ denotes the /c-covariant derivative along the inwards pointing 
geodesic unit vector field normal to dM, computed with respect to the Levi- 
Civita connection and an auxiliary one on E; the quantities e„(x, D) and 
^n, D, ;S) are locally computable invariant endomorphism-valued forms; 
for all these facts, see Theorem 1.4.5. in |Gi04| (see also Chapter 3 in |Gi04| . 
|Se69| and |Se67j ). We are interested in the constant coefficient in the heat 
asymptotic expansion, denoted by 

LIM(TVi2 (Ve-*^«)) := a^(V',D,^), 
t-»-o 

see [BGV) . To compute these coefficients, we have to integrate traces of in- 
variant endomorphism-valued forms over the interior of M and its boundary. 
These forms are locally computable as polynomials in the jets of the symbol 
of D and B, which in turn can be computed as universal polynomial invari- 
ants in locally computable tensorial objects. This is achieved by using Weyl 
theory of invariants and discussed in greater detail in the work of Gilkey, see 
sections 1.7-1.8 in |Gi04| (see also sections 1.7, 1.9 and 4.8 in |Gi84| ). 

The Laplace type operator D is invariantly characterized by a unique con- 
nection V*^ and a bundle endomorphism E*-* G r(M; End(A*T*M (g) E)), see 
Lemma 1.2.1 in [_GiQ4j. The operator B imposing mixed boundary conditions 
can be invariantly described by an involution G T{dM; End(i* (A* (T*M)(S' 
E))), extended parallelly along the normal direction to a collared neighbor- 
hood of dM in M, and a bundle endomorphism S'^ E r(M; End(V+)), where 
V+ := l/2{l + x'^){A*{T*M)(E>E); for much more details about these objects 
see section 1.2.2 and sections 1.5.3-1.5.5 in |Gi04| . The following summarizes 
Lemmas 3.1.10 and 3.1.11 in section 3.1.8 in [Gi04| : see also sections 3.6, 1.7, 
1.9 and 4.8 in [GlMj . 

Lemma 6. Let V'^, E^,x'^ and S'^ as above. With respect to an orthonormal 
frame on TM , we denote by ; the components of multiple covariant differen- 
tiation of tensor fields of all types with respect to the connection V*^ and the 
Levi-Civitd connection V. Let Ri^i^i.^i^ be the components of the curvature 
tensor corresponding to V, f^^^jj those of the curvature tensor correspond- 
ing to V'^ and La^a2 those of the second fundamental form (the indices 
^i^2^3 CLnd ^4 run from 1 to m, whereas ai and 02 run from 1 to m — \). 
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Consider the endomorphism-valued forms e„(D„) and Cn.ki^ujSu) in U5\) . 
Then 

(1) The quantities e„(D) are polynomials belonging to the universal graded 
non commutative algebra generated by (germs of) Ri-^i^i^i^;..., 

.... and id. 

(2) The quantities e„^fc(D,^) are polynomials belonging to the universal 
graded non commutative algebra generated by (germs of) Ri^i^i^i^;..., 

E^,.., L„,„,,.., xf.., Sf.. and id. 

2.2. Heat trace asymptotics for Hermitian boundary value prob- 
lems. Briining and Ma studied the Hermitian Laplacian on a manifold with 
boundary, on which absolute boundary conditions were imposed, see |BM06| . 
They obtained anomaly formulas for the associated Ray-Singer analytic tor- 
sion seen as a metric on del H(M;E). Their formulas express the variation 
of the Ray-Singer metric with respect to smooth variations of the metric on 
M and of the Hermitian structure on E. This variation is encoded in the 
constant term in the heat kernel asymptotic expansion associated to the Her- 
mitian boundary value problem under absolute boundary conditions. Recall 
the remarks and the notation from section [L3l 

First we recall some definitions and notation from |BM06] . We denote by 
e(M,g) the Euler form associated to the metric g, e\,[dM,g) and B(dM,g) 
the characteristic forms on the boundary defined by the formulas (1.17), 
page 775 in |BM06) . Given {gs}s a smooth path of Riemannian metrics 
on M connecting go and gi, consider the secondary forms e{M, gQ, gi) and 
eb(9M, goiSi) of Chern-Simons type defined in (1.45), page 780 in |BM06| . 

Proposition 4. (Briining Ma) Let {M,dM,$) be a compact Riemannian 
bordism. Consider [A, 0^ the Hermitian boundary value problem and 

denote by Aabs.fe Us Lp' -realization. For (f) G r(M, End(£')) we have 

LIMt_+o(sTr(</,e-'^=b=.'^))=/^, Tr(0)e(M,9)-{-l)'" Jg^,, i* Tr(0)eb(9M,<;). 

Moreover, let ^ G r(M, End(TM)) be a symmetric endomorphism with re- 
spect to the metric g, denote by D*^ G r(Af, End(A*T*M)) its extension as 
a derivation on A*{T*M) and set "if := D*^ — i Tr(^). For r G M taken small 
enough such that g + rg^ is a nondegenerate symmetric metric on TM , we 
have 

LIMi^o(sTr(vI'e-*'^=bB,h^^=_2j^^^|^^^i(M,c/,c/+rgOA<.j(VS,/i) 

+2 SaM - I ^^(,5b{9M,g,g+Tge) Ai*<^( ,h) 
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where a;(V^,/i) := — |Tr(/i ^V^h) is a real valued closed one-form. 

Proof. First, since for any endomorphism G r(M, End(£')), there exist 
unique selfadjoint elements (pr, <pi £ r(M, End(ii^)) such that (j) = (j)r + i<j3i, it 
is enough to prove the first formula for a selfadjoint (p. For (pu = ^u^'§^hu 
(resp. ^'^ = Qu'^-^^gu) where and (resp. Qy) is a smooth one real parameter 
family of Hermitian and (resp. Riemannian) metrics with ho = h and (resp. 
50 = g), the statement of the Proposition is the infinitesimal version of 
Briining and Ma's results, see Theorem 4.6, expression (5.72), Section 5.5 
and expressions (5.72) and (5.75) in |BM06| . However, these formulas still 
hold for arbitrary selfadjoint (pu (resp. arbitrary symmetric ^u)- Indeed, 
remark that by taking small supports if necessary, the formulas above hold 
for the first order family (p^ = (po + u ^0s|^_q for all u small enough. □ 

The following uses Poincare duality to relate boundary value problems 
under absolute and relative boundary conditions. 

Lemma 7. Let E' the dual of the conjugated complex vector bundle of E, 
endowed with dual flat connection and dual Hermitian form to those on 
E. Consider the compact Riemannian hordism (M, 0, dM) together with its 
dual {M,$,dM)' := {M,dM,$) . We look at the Hermitian boundary value 
problem [lS.,B\^^^'^ qj^,^-^ with L'^ -realization denoted by Arei.h, and the its dual 

Hermitian boundary value problem [A, i3]^^®^^j^',^ with corresponding 1?- 
realization A^j^^ ^, . If (p, ^ and ^ are as in Proposition ^ then 

(16) LIMt^o(^STr(^(/.e-'^'-=l.h)) = (-l)'"LIMt_»o(^STr(^(/.*e"'^^bs,/i' jj^ 

where cp* := hcph^^ , and 

(17) LIMt^o STr(^*e~"^'-=l.'»)=(-l)"'+i LIMt_»o STr ^*e~"^3bs,h' j . 

Proof. We consider the complex vector bundle isomorphism between E and 
E' provided by the Hermitian metric on E (see page 286 in [BTj), which we 
still denote hy h £ Q^{M; End(i?, E')). With respect to the induced connec- 
tion on End{E,E'), we denote Vf /i G ^^^(M; End(£;, ^'))- By considering 
the Hermitian metric on E and the Riemannian metric on M, we obtain 
■kh '■= ^f^h : 0,{AI;E) — t- ^}{M ; E' Q m) a complex linear isomorphism used 
to define d*j, g j^ := d^.^e.^^h ■ ni{M;E) ^ ni-\M;Ey, this is 

the formal adjoint to dE with respect to the Hermitian product on Q(M; E). 
Moreover, the formula dgid*^,^^^ ^ = -*^h<^EghdE holds and therefore 
•kfiAE^g^h '■= ^E'^0M 9 h''*^h- Moreover, as in Section [1.31 the operator -k^ in- 
tertwines i?-valued forms satisfying relative (resp. absolute) boundary con- 
ditions with ^'-valued forms satisfying absolute (resp. relative) boundary 
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conditions. That is, the corresponding reahzations verify 

(18) A,e\,h = A'3bs,h'*h 

and therefore (/>exp(— tArei,/x) = ^^^^* exp(— tA^j^^ where (p* := h(f)h' . 

Thus, since the supertrace vanish on supercommutators of graded complex- 
Hnear operators and the degree of -kf^ g is m — q, we obtain for (fT6|) . the 

formula STr((/)e-*^-i.'^) = (-1)™ STr((/)*e"*^=^-.'^')- We now prove ([H]): 
^ii<q0h)-^ = ((D*e- jTr(O) ^1) 

..ON = K$5/i)-^(K(D*e-iTr(0)v')®l) 

^ ^ = -K®/i)-'((D*C-iTr(e))®l) 

where we have used 

(20) (D*C - ^ Tr(0) = -D*C + i Tr(0. 

To prove (|2Up . it is enough to compute *gD*(^*~^, since Tr(^) commutes with 
•k. We evaluate this operator on a generic element of a particular choice of an 
orthonormal local frame for A*T*M. We fix this frame as follows. Since ^ is 
a symmetric complex endomorphism of TM, we can choose an orthonormal 
local frame {ej}^ such that ^Cj = AjCj and we locally fix an orientation for 
this frame so that {e*^ A- • • Ae*''}i^j^.<...<j^^m is positive oriented local frame 
for A*T*M. Under these assumptions, -kg (e*i A • • • A e*«) = e-'i A • • • A e-'™-'?, 
where the ordered indices (ji, . . . ,jm-q) is the unique possible complemen- 
tary shuffle corresponding to the ordered choice of indices (ii, . . . ,iq). There- 
fore, we compute 

*qD*5*-l(eJl A---Ae^™-'?) 

=*qD*5(eHA---Ae»9) 
=*5ELi(e"iA---A5(e'0A---Ae^9) 
ELi (e'l A---Ae'iA---Ae'9) 
=ELi^«i(e«A---Ae^'"-'?) 

=E;^i (e^i A-Ae^--'?)-J]™-'' A,; (e:;! A-Ae^—-?) 
=E;ILi \ (e-'i A---Ae^'"-'? )-J]™";^9 (e« A-AAjjC-'i A---Ae^™-'J ) 
= (Tr$-D*5)(e-'lA---Ae-''"-9) 

and we obtain (|20p . Finally, we use (|19p to pass pass to the conjugated 
complex; hence with (jlSp and duality between these boundary value problems 
we obtain 

^'exp (-tArei.h.) = ^' exp (-tA^bs,^') = - ^' exp(-tA'3bs,ft') *h 
thus, as for (|16p . we have 

STV(^'exp(-tA,ei,/.)) = -(-l)"^STr(^exp(-tA^bs,/.')) 
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n 

Proposition 5. For the Riemannian bordism {M,^,dM), consider the Her- 
mitian boundary value problem [A, ;B]^'|0^g^j^ with its L'^ -realization denoted 
by Arei^/i- If (j), ^ and ^ are as in Proposition^ then 

LIMi^o(sTr(<^e-*'^rel,h))=J^^ Tr(0)e{M,9)-/a^, i* Tr{0)eb (OM,g). 

and 

LIMt_»o(sTr(*e-*'^rel,h)j=_2/^,|.|^^gS(M,g,g+r90Aa;{V-E,h) 

+2(-l)-+l /gjv, |r|^^^ib(9M,g,g+rgOA**a;{V^,h) 
+ (-l)-+i rank(£) J^^, ^ \ ^^^B{dM,g+TgO. 

Proof. Recall that w £ i}*{M;E) satisfies relative boundary conditions if 
and only if the smooth form -kfiW £ QJ^~*{M]E' ® Qm) satisfies absolute 
boundary conditions on dM; hence, the first formula follows from formula 
P6p in Lemma [TJ and the results from Briining and Ma for the Hermitian 
Laplacian stated in Proposition [H The second formula follows from Lemma 
formula (|17|) in[71 Proposition H] and (x>(V^, h) = — a;(V^ , /i'), see for instance 
section 2.4 in |BHn7| . □ 

The following Lemma is a direct consequence of Lemma [6] and disjointness 
of a+M and 9_M. 

Lemma 8. For (M,(9M,0), {M,9,dM,) and {M,d+M,d-M) let us con- 
sider [A,i3]J^^^;g\^_0), [A,B]^j^'^^^Qj^^^ and [A, the correspond- 
ing Hermitian boundary value problems, together with their L'^ -realizations 
Aabs.h, \e\,h andAB,h, respectively. Let £ T{M;End{A*(T*M)0E)) be 
chosen in such a way that supp('i/'±) H dipM = 0, then 

LIMt^o(sTr(v+e~*'^^'''))=LIMt^o(sTr(v+e""^^'=s,h^^_ 

Theorem 1. For {M,d-^-M,d-M), consider the Hermitian boundary value 
problem [A, B]^j^1'q^^^ q with its corresponding L'^ -realization Ag /j. If (j), 
^ and ^ are as in Proposition^^ then 

LIMt^o(sTr(0e-*^B.''))=/j^,, Tr(</,)e(M,g)+(-l)— 1 /g^j^, Tr(0)i;eb(aM,g) 

-Jg_j^.jTT{<f>)i*_eUdM,g). 
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and 

LIMt^o(sTr(^e-*'^8.h))=-2/,,|:|^^^i{M,g,g+TgC)Aa;{V^,h) 

-2/9^Af iS^L=0»+eb(5Af,g,g+TgC)Aa;{V-E,/i) 
+rBnk(E)Jg^^j^\^^^iXB{dM,g+TgO 
-2(-l)- fg_j,j^\^^^i*.eUdM,g,g+TgOAi^iS/'',h) 

+ (-l)'"+irank(i?)/g_j^,|:|^^^ili3(9M,g+rgO. 

Proof. This follows from the results by Briining and Ma in [BM06], stated 
in terms of Proposition 2] above, Proposition O and Lemma [5J More recently, 
Briining and Ma gave also a proof of this statement, see Theorem 3.2 in 
|BM11| . based on the methods developed in |BM06| . □ 

2.3. Involutions, bilinear and Hermitian forms. We fix a Hermitian 
structure compatible with the bilinear as follows. Since E is endowed with a 
bilinear form b, there exists an anti-linear involution v on E satisfying 

(21) hiuei, ve2) = ft(ei, 62) and biue, e) > for all ei,e2,e ^ E with e / 0, 

see for instance the proof of Theorem 5.10 in |BH07| . In this way, we obtain 
a (positive definite) Hermitian form on E given by 

(22) /i(ei,e2) := 6(61,1^62). 
Remark that \I^v = is not required so that 

/i-i( h) = v-^ {b-\v^ b)) V + v-^{y^ v)- 

Therefore, we end up with a Hermitian form on Q(M;E) compatible with 
Pg,b^ given hy <^ v,w '^g^h= /^g,b{v,i^w). for v,w £ Q{M;E). In [SZ08] and 
[Su| . given a bilinear form b, this involution has been exploited to study the 
bilinear Laplacian in terms of the Hermitian one associated to the compatible 
Hermitian form in (j22p . in both cases with and without boundary. However, 
our approach is a little different since we do not use a Hermitian form globally 
compatible with fSg^i, on il(M; E), but instead a local compatibility only, see 
section 12.41 below. We now see what happens with the extra condition for v 
to be parallel with respect to V^. 

Lemma 9. Let us consider {M,d+M,d-M) the compact Riemannian bor- 
dism together with the complex flat vector bundle E as above. Suppose E 
admits a nondegenerate symmetric bilinear form. Moreover, suppose there 
exists a complex anti-linear involution v on E, satisfying the conditions in 
^21]) andV^u = 0. Let h be the (positive definite) Hermitian form on E com- 
patible with b defined by Ii22) . Then, ^E,g,b = ^E,g,h o-nd BE,g,b = BE,g,h- 

Proof. Consider <C •,• '^g,h the Hermitian product on Vt{M]E), compatible 
with the bilinear form, and d*^^^, the formal adjoint to dE with respect to 
this product, which in terms of the Hodge ★-operator can be written up to a 
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sign as d*^ g = ±-kf^^ dE->^h- Remark that V^z/ = imphes that dsi^ = vdE] 
hence, with -k^ = z/ o we have 

(23) d*E^g^f^ = ± -k^^ dE*h = ± v~^dEV-kb = ± dE-kb = d^^g^f,, 

and therefore the Hermitian and bilinear Laplacians coincide. We turn to 
the assertion for the corresponding boundary operators. On the one hand, 
the assertion is clear for B-e gh~ ^-E g /u because of (j23p and On the 
other hand, for a form v G r2P(M; £") and i<^,^, the interior product with 
respect to the dual form corresponding to Qn, the identity i* i^(;i„v = 
i* k^ V holds; therefore the operator specifying absolute boundary can be 
written, independently of the Hermitian or bilinear forms, as gb'^ ~ 
{i\i<;;„v, {—lY~^^i*j^i^.^{dEv)) = BjJ'^ g^v. That finishes the proof. □ 

Lemma 10. Let {M,g) be a compact Riemannian manifold and E a flat 
complex vector bundle over M . Assume E is endowed with a fiber wise non- 
degenerate symmetric bilinear form b. For each x £ M there exists an open 
neighborhood U of x in M, a parallel involution v on E\u and a fiberwise 
symmetric bilinear form b on E such that the family of fiber- wise symmetric 
bilinear forms bz :=b + zb, for z S C, has the following properties: 

(i) bz is nondegenerate for all z with \z\ ^ \pi 

(ii) hs-\{ye\-, 1^62) = 6s_i(ei, 62), for all s GM. and Cj G E\u. 

(iii) 6s_i(e, z^e) > for all s G M, |,s| ^ 1 and 7^ e G E\ij. 

Proof. Since flat vector bundles are locally trivial, there exists a neighbor- 
hood V oix and a parallel complex anti-linear involution v on E\v- Moreover, 
since b is non degenerate and i' an involution, we can assume without loss of 
generality that u can be chosen to be compatible with b at the fiber E^ over 
X, such that bxii'ei, 1^62) = bx{ei, 62) for all Cj G E^, and bx{i^e, e) > for all 
7^ e G Ex- Consider 

b^''{ei,e2):=^{b{ei,e2)+b{uei,ue2)) and b''"{ei,e2): = jr{b(ei,e2)-b{uei,ue2)), 

as symmetric bilinear forms on E\v- In particular, note that by construction 

(a) b\v = b^^ + ift'"^ and I^'^Ie, = 

(b) For all Cj G E\v- ?^^(^^7^I^=f<'''(ei,e2) and b'"'{i/ei,ue2)=b'''"{ei,e2). 

Now, choose A : V — )• [0,1], a compact supported smooth function, such 
that there exists an open neighborhood U of x with X\jj = 1. Thus, we 
obtain b := Ab'"^, a globally defined symmetric bilinear form on E. Using 
bs-i\u = (6 + (s - i)b)\ u = b\u + { s - i)b^"'\u = b^% + sb^"'\u and (b) we 
obtain (ii). This implies 6s_i(i/e, e) = 6s_i(i^e,e), hence bs-i{ue,e) is real for 
all s G M and e G E\ij. Finally, (i) and (iii) follow from choosing the support 
of A sufficiently small, since ft'^^lsj; = and bg-ix (^^e, e) = bx (z^e, e) > for 
aU / e G Ex- □ 
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The following Proposition is provides the key argument in the proof of 
Theorem [2] below. 

Proposition 6. Let [A,B]^j^j'q^j^ q he the bilinear boundary value prob- 
lem under absolute and relative boundary conditions on {M,d+M,d-M). 
Then, for each x G M, there exist a fiber-wise symmetric bilinear form h on 
E and a fiber-wise sesquilinear forms h,h onE so that the families bz = b+zb, 
for z € C and kg = h + sh for s £ M, have the following properties 
(i) bz is nondegenerate for all z € C such that \z\ ^ 
(a) kg is fiber-wise Hermitian for all s GM such that \s\ ^ 1. 
(Hi) For each s G M with \s\ ^ 1, consider 'SJ^g^^jy ^ j^^^ the cor- 
responding Hermitian boundary value problem. Then, there exists a 
neighborhood U of x such that 

^E,g,b^_i\u = ^E,g,hs\u and BE,g,bs_i\u = SE,g,hs\u ■ 

Proof. By (i) in Lemma [TOl for each x € M, there exist a family bz of 
nondegenerate symmetric bilinear forms on E with the required property in 
(i). Moreover, for each x £ M, there exist an open neighborhood V of x 
and a parallel complex anti-linear involution on E\u. We also know by (i) 
and (ii) in Lemma [TOl that for each x G M and \s\ ^ 1, there exists an open 
neighborhood U C V such that bg^i satisfies the conditions (i) and (ii) on 
E\ij. Hence, /is(ei,e2) := bs-i(^^ci) ^2) defines a Hermitian form compatible 
with bg-i on E\u. As in Lemma [T0| we extend this form to a globally defined 
Hermitian form on E and obtain (ii). Then, (iii) follows from Lemma [9l □ 

2.4. Heat trace asymptotics for bilinear boundary value problems. 

Lemma 11. For (M,d-^-AI,d-M) and E a complex flat vector bundle over 
M , let U be an open connected subset in C and {u 1— )• bu}u£U be a holo- 
morphic family of non- degenerate symmetric bilinear forms on E. Con- 
sider {{A^, Bu) := {AE,g,b^,BE,g,bJ}u(zu corresponding family of bilinear 
boundary value problems. Then, for each ip £ End(A(T*M) (8) E), the map 
u I— 7- LIM(_>>o (STr (i/je"*^^^^")) is holomorphic on U . 

Proof. The coefficient LIMt_s.o (STr (^/'e^*'^'^^")) is computed by using (llSp . 
which requires to compute trn{Au) and Zm,k{Au-,Bu)- By Lemma[6l tm{Au) 
(resp. Zm.k{Au,Bu)) is locally computable as a universal polynomial be- 
longing to the unital graded non-commutative algebra generated by germs of 

Riii2i3iii ^Ma' (^^^P- ^hiiiaiiy ^ab, ^i^i^, E«, 5„, Xu) and finite number of 
their covariant derivatives. Now, by definition of As^g^b and BE,g,b, the maps 
u I— >■ A„ and u ^ Bu are holomorphic on U , since « 1— )• 6^ is so. Therefore, 
the coefficients of the symbols of these operators are holomorphic functions 
on U . In addition, the functions E, S, x and their covariant derivatives are 
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completely determined by the symbols of AE,g,b a^i^d BE.g.b on [/; in other 
words, these functions depend on the polynomial coefficients of the symbols 
of AE,g,b s-iid BE,g,b- Then the family u i— )• [^uiXu^'^u) is holomorphic on 
U. This shows that u i— )• Zm{^u) and u i— )• Zm,k{^u^Bu) are holomorphic. 
Finally, u i— >• LIMi_j.o (STr (^/;e~*[^'3]u^^ ig holomorphic on [/, since uniform 
limits on compact sets of holomorphic functions are holomorphic. □ 

Theorem 2. For (M, S+M, d-M) consider the bilinear boundary value prob- 
lem [IS.^B\^^j'q^^j Q together with its Lp' -realization A^^b. If (j), S, and "if 
are as in Proposition^ then 

LIMt^o(sTr(0e-*^B.f))=/^,^Tr(</,)e(Af,<;)+(-l)— l/g^^^Tr(0)i;eb(aM,g) 
^ ' -/g_^,Tr(0)eb(9Af,9), 

and 

LIMt^o(sTr(*e-*^e,6))=_2/^^|,|^^^g(M,9,9+rgOAa;{V-E,6) 

-2/s+A/|:L=0^+^b(9M,9,g+r50Aa;{V^,f,) 
(25) +rank(i?) J^^^^ S_^^^^ilB{dM,g+TgO 

+(-l)'-+irank(i<;)/a_„|.|^^^rB(9A/,g+rgO. 

Proof. By compactness of M, it suffices to show that each point x £ M 
admits a neighborhood U so that the formulas above hold for all (p with 
supp((/)) C U and ^ with supp(^) C U. For each x G M, choose bz = b + zb, 
hg = h -\- sh and f7 as in Proposition [6l with supp(0) C U and supp(^) C U . 
By Proposition E] (iii), LIMt^o STr(</.e"*^«'''=-i) = LIMt_,o STr((/.e-*^s,h, )^ 
for all \s\ ^ 1, for these quantities depend on the geometry over U only. From 
Theorem [H we have 

LIMi^O STr(</.e"*'^»''--i)=/,, Tr{fli)e(A//,g)+(-l)'"-l /a^^, Tr(</.)i;eb(9A^,9) 

-/9„MTrWi!leb(9Af,g), 

for all |s| ^ 1. Now, since the function z i— t- LIMj_>o STr((/>e~*^B,i)2 ) depends 
holomorphically on z (see Lemma [TT]l . that the right hand side of the equality 
above is constant in z, and that the domain of definition for z certainly 
contains an accumulation point, these formulas are extended by analytically 
continuation to 

LIMt^O STr(</.e-*'^e>6- ) =/^, Tr{0)e(A^,c/)+(-l)"'-i Jg^^,,, Tr(</.)j;eb{9Af,g) 
-/9_,,Tr(</,)ileb(0A/,g), 

for all \z\ ^ \/2- After setting z = we obtain the desired identity in (I24p . 
Similarly, using Proposition |6] (iii), we obtain LIMt^oSTr(^'e" «■"-') = 
LIMt_j.o STr(^'e~*'^B,/is )^ for all \s\ ^ 1, for these quantities depend on the 
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geometry over U only. Now, the right hand side of the equahty above does de- 
pend on z, but since the map u i— )• Tr{b~^'S/^bu) is holomorphic, the identity 
in (f25|) also follows from Lemma [11] and Theorem (T] by the same procedure 
as for dSl]). 

n 

3. Complex-valued analytic torsion on compact Bordisms 

Let {M,d+M,d-M) be a Riemannian bordism and E be complex flat 
vector bundle over M endowed with a nondegenerate symmetric bilinear 
form. Consider Ag the L^-realization of the bilinear Laplacian acting on E- 
valued smooth forms satisfying absolute boundary conditions on d^M and 
relative ones on d-M. 

If J^AbIO) is the 0-generalized eigenspace of Ag, consider the restriction of 
I3g^h to riAg(O); this is a non degenerate symmetric bilinear form in view of 
Proposition [TJ By Lemma 3.3 in section 3 of [BH07] we obtain a nondegener- 
ate bilinear form on det H (r2As(0)), which in turn, by Proposition [3l induces 
a bilinear form on det{H{M, d-M; E)), which we denote by T{0)E,g,b- Let 
us denote by 

the restriction of Ag to n%^{M; E){0)'' \b, the space of smooth differential 
forms of degree q which are not in i}/\i^{M; E){0) but satisfy boundary con- 
ditions. Lemma [2] permits to choose a non-zero Agmon angle avoiding the 
spectrum of A^ ^ so that complex powers of the bilinear Laplacian can be 
defined. Then, the function s i— )• (A^^)~* associates to each s S C, with 
Re(,s) > dim(M)/2, an operator of Trace class and it extends to a mero- 
morphic function on the complex plane which is holomorphic at 0, see |Gr| . 
|Se67| and |Se69| or more generally, for pseudo-differential boundary value 
problems, see Chapter 4 in |Gb| . The ^-regularized determinant of A^^g is 
defined as 

^ Tr((A^,,)-^)). 

s=0 

From Lemma [2] this determinant does not depend on the choice of the 
Agmon 's angle. By Lemma 3.3 in [BH07| we define the complex- valued 
Ray-Singer torsion on the bordism (M,d^M,d-M) as the bilinear form on 
det H{M, d-M; E) obtained as 

The following generalizes the formulas obtained in |BH07| in the case without 
boundary and they are based on the corresponding ones for the Ray-Singer 
metric in [BM06| . They also coincide with the ones obtained by Su in odd 



det' (Ag^g) := exp(- — 
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dimensions, but they do not require that the smooth variations of g and b 
are supported on a compactly supported in the interior of M, see |Su]. 

Theorem 3. (Anomaly formulas) Let (M, d+M, d-M) he a compact Rie- 
mannian bordism and E he complex flat vector hundle over M . Consider a 
smooth one-parameter family of Riemannian metrics on M and b^ a smooth 
one-parameter family of a fiher wise nondegenerate symmetric bilinear forms 
on E and denote by gt and ht their corresponding infinitesimal variations. 
Let TE,g^,bu associated family of complex valued analytic torsions. Then, 
we have the following logarithmic derivative 

^^^^ =E(6„,50 + E(&„,g,) + B(5j, 

TE,gu,bu / 

where 

+ la+M Tr(fe-ife„)eb{9M,5„) 

-/e_MTr(fe';:'t'J,))eb(9Af,g„), 

-2(-l)™/g_^, |:|^^^ilib(9M,g„,g„+tg„)AL^(V-E,fe„), 

B(5„):= rank{E) Jg^j^j -§jl^^i1BidM,gu+tgu) 

+(-l)™+irank(£;)/g_^^f |^^^ilS(9Af,g„+tg„), 

where a;(V^, b) := — ^ Tr(6^^ is the Kamber-Tondeur form, see section 

2.4 in |BH07| 

Proof. The method described in section 6 of [BH07] leading to the infinitesi- 
mal variation of the torsion in the closed situation also holds in the situation 
with boundary; this was also used in [SuJ. Then, by formula (54) in |BH07| . 
we know that the problem of computing this variation boils down to com- 
puting the constant term in the asymptotic expansion for the heat kernel of 
A^; this is Theorem [2j □ 
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